
VOLUME 86, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 5 FEBRUARY 2001
Observation of Higher Order Facets on 3He Crystals
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Faceting has been observed on 3He crystals investigated with a low-temperature Fabry-Pérot inter-
ferometer. Nine types of facets were clearly identified during growth of a bcc-3He single crystal at a
temperature of 0.55 mK, while previously only three types of facets have been seen. Because of the
weak coupling between the liquid-solid interface and the solid lattice in 3He the facets are apparently
too small to be observed in equilibrium. The number of facets observed in our experimental conditions
is consistent with the theory of dynamic roughening.
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In equilibrium, the surface of crystalline matter can be
in two principally different states, either smooth (faceted)
or rough (rounded) according to its crystallographic orien-
tation and temperature. The phase transition between these
two surface states at the so-called roughening temperature
is generally expected to be of the Kosterlitz-Thouless type
[1]. According to theory, the crystal surface is expected to
undergo a sequence of roughening transitions, each type of
facet having its own transition temperature. So at low tem-
perature the equilibrium crystal shape should show many
different types of facets.

Experimentally, however, this situation is very difficult
to achieve. Almost no crystal can reach its equilibrium
shape, mostly for kinetic reasons: the diffusion on the solid
surface in equilibrium with the vapor is much too slow in
the temperature region of the roughening transition. Nev-
ertheless, some facets and roughening transitions for facets
with mostly low Miller indices have been observed in mi-
croscopic metal crystals [2,3], in some organic crystals [4],
and in ice crystals [5]. So it was quite a surprise that re-
cently more than 60 different types of facets were seen at
room temperature on a lyotropic liquid crystal, even re-
vealing the long expected “devils’s staircase” [6]. The ap-
pearance of vicinal facets with large Miller indices in this
system was explained by the coincidence of quite large sur-
face tension and interplanar distance with an exceptionally
low elastic modulus.

In 4He where zero-point motion is large (a quantum
crystal) and the liquid is superfluid, a unique situation
arises. The crystal shape can be followed along the melting
curve from about 2 K down to T � 0. Below 1.5 K, the
growth dynamics is very fast. Nevertheless, even down
to T � 2 mK not more than 3 types of facets have yet
been seen, with their roughening transitions at T � 1.3 K,
0.9 K, and 0.36 K [7,8].

For both 4He and 3He the coupling of the interface to
the solid (lattice) is assumed to be so weak that it results
in a very small size of equilibrium facets, often too small
to be observed [9]. Thus the equilibrium crystal shape
should look rounded even if a lot of higher order facets
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exist. However, faceted areas grow slower than rough ar-
eas, resulting in growth-induced completely faceted crystal
shapes, and one is tempted to search for larger facets by ob-
serving the crystal during its growth. On the other hand,
crystal growth has the effect of displacing the roughening
transition to lower temperatures [10,11]. So how many dif-
ferent types of facets can one observe on the surface of a
crystal?

In this Letter, we present evidence for the observation
of altogether nine different types of facets when growing
3He single crystals at a temperature of 0.55 mK. In some
instances we even see a series of 4 consecutive facets,
forming a precursor of a “devil’s staircase.” Note that the
facets (110), (100), and (211) have been observed before
on 3He crystals [12,13].

Our experimental setup was designed for studies of mor-
phology and growth kinetics of 3He crystals. The cryostat
has all optical components inside the 4-K vacuum can with
the exception of a He-Ne laser located at room tempera-
ture [8]. The heart of our optical system is a Fabry-Pérot
multiple-beam interferometer with a phase-shift facility
[14,15]. The operating temperature of the interferometer
is close to 10 mK, which makes it probably the coldest
multiple-beam interferometer ever made. Path interferom-
etry has the advantage of a low required light intensity [16]
and allowing simultaneous observation of the global crys-
tal shape and of the fine details of the solid/liquid inter-
face. The vertical resolution in the interface position is a
few mm, while the horizontal resolution of about 15 mm
is limited by the pixel size of the slow-scan CCD camera
sensor.

All crystals under study were single crystals nucleated
from the B phase of superfluid 3He [17]. The 3He crys-
tals were grown and melted by pressure changes at our
lowest temperature of 0.55 mK, where the latent heat of
solidification is very small. The temperature was deter-
mined from the equilibrium melting pressure, which was
measured with a high precision Straty-Adams strain gauge
[18] with a resolution of a few mbars at 35 bars. The
heat input to the cell due to a 20 ms pulse of the He-Ne
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laser (l � 632.8 nm) is less than 0.1 nJ, and the maxi-
mum pulse rate of one pulse per 4 sec is limited by the
readout rate of the CCD controller.

Figure 1 shows an interferogram of a 3He single crystal
at 0.55 mK during growth. The crystal lies in the center of
the interferogram; the several regions with equidistant par-
allel fringes correspond to flat planes (facets) on the crystal
surface. At the top left and bottom the background pattern
is visible. It arises from the liquid helium wedge (due to
the 2± tilt of the upper window) and the nonparallelism of
the mirrors. The field of view is a circle with a diameter
of about 8 mm.

All the facets were visible at a certain growth rate; when
the growth was stopped the facets decreased and the crystal
became more round on a time scale of tens of seconds. The
initial size of the facets appears to be mainly determined
by the shape of the crystal just before it starts growing.
When growth continues, the slowly growing densely popu-
lated facets (110) and (100) determine more and more the
shape of the crystal. We identified the type of each facet
on the crystal surface by comparing the measured angles
between facets with the theoretically possible ones for the
perfect bcc structure. This justifies us in neglecting en-
tirely the relative sizes of the crystal facets. Two different
approaches were utilized: a phase-shift technique was ap-
plied when a crystal was under stable conditions [14] and
intensity based analysis methods were used in dynamic
situations [19].

The phase-shift technique yields a simple and reliable
measurement of the wavefront phase, which is directly pro-
portional to the thickness of the crystal [14,20]. When the
thickness at each point is known the angles between differ-
ent facets can be calculated directly. With intensity based
analysis we resolved the crystal surface structure from the
interferograms recorded during crystal growth. The pa-
rameters of the facets were obtained with the assumption

FIG. 1. The interferogram of a growing 3He single crystal at
0.55 mK. The regions with equidistant parallel fringes corre-
spond to flat surfaces.
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that fringes belonging to the same facet are parallel and
equidistant. To determine the fringes accurately the posi-
tions of the minima (maxima) were located and combined
to a skeleton pattern. The distance between parallel lines
and their slope was then calculated using a Hough trans-
form [21], from which the facet orientation can be uniquely
determined.

The shape of the 3He crystal shown in Fig. 1 was
resolved using the intensity based method with the corre-
sponding skeleton pattern presented in Fig. 2. The white
dashed-line polygons mark the edges of the identified
facets and the Miller indices indicate the type of each
facet. All identified facets have been detected on more
than one interferogram, and at least three equally spaced
parallel fringes were observed for each facet. The typical
difference between the expected and measured angles
was up to 2±; in the worst cases it was around 6± for the
shortest fringes.

Of course one can find a large number of facets which
are infinitely close to each other and satisfy the selection
criteria within experimental precision. The planes which
are most likely to appear as external facets are the ones
with the highest reticular density, which is directly pro-
portional to the interplanar spacing dhkl of a given type
of plane. In the bcc lattice dhkl � 1

2a�h2 1 k2 1 l2�21�2.
For Fig. 1 and all other interferograms we have always
chosen the most “stable” facets consistent with the experi-
mentally determined angles. Table I shows all the ob-
served facets at 0.55 mK. Figure 3 shows the positions
of these facets on one elementary patch of the whole crys-
tal habit. Also the positions of those facets which were not
observed, but have a higher (or equal) reticular density and
thus a higher (or equal) roughening temperature than the
(510) plane, are shown in Fig. 3 as open circles.

Of particular interest is the question: how many differ-
ent types of facets can be observed at a given temperature

FIG. 2. The skeleton pattern of the crystal in Fig. 1. White
dashed lines indicate the edges of the identified facets with the
corresponding Miller indices.
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TABLE I. Miller indices of the experimentally observed types
of facets, their reciprocal lattice vectors �hkl�, the interplanar
distance ratio with respect to the (110) facet, and the highest
temperature Tmax

obs at which the facet has been observed.

Miller index �hkl� �d110�dhkl�2 Tmax
obs (mK) Refs.

110 � 1
2

1
2 0� 1 100 [12]

100 �1 0 0� 2 10 [13]
211 �1 1

2
1
2 � 3 ,10 [13]

310 �1 1
2

1
2 0� 5 0.55

111 �1 1 1� 6 0.55
321 �1 1

2 1 1
2 � 7 0.55

411 �2 1
2

1
2 � 9 0.55

210 �2 1 0� 10 0.55
510 �2 1

2
1
2 0� 13 0.55

and at a given growth rate? In the following, the possible
number and the size of facets in equilibrium will be
discussed, and then the effect of dynamic roughening is
considered.

The roughening transition temperature TR of a particular
facet is given by

kBTR �
2
p

p
gkg� d2, (1)

where kB is the Boltzmann constant, d the interplanar dis-
tance (height of the elementary step on the facet), and
gk and g� the principal components of the surface stiff-
ness for that surface [1,10]. Both components of g should
be measured at a temperature above but close to the ex-
pected transition temperature for that part of the surface.
The surface stiffness of 3He crystals has been measured
only at rather high temperatures [22], where no facets ex-
ist and g is almost isotropic and temperature independent,
g � g0 � 0.06 erg�cm2. In principle at low tempera-
tures g becomes strongly anisotropic for vicinal surfaces,
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FIG. 3. Diagram with the Miller indices of facets in the bcc
structure of 3He. Filled points represent experimentally observed
facets, empty ones correspond to facets expected to be seen. The
diameter of the circles is proportional to the interplanar distance.
The coordinates are exact, looking along the [111] direction.
which are tilted by a small angle with respect to one of
the “primary” facets, and which may be viewed as a dis-
tribution of terraces and steps [10,23]. However, since the
step width on the helium interface is very large due to the
weak coupling (the width is about 103 the lattice con-
stant in 4He [24], and is expected to be even larger in 3He
due to the larger zero point fluctuations [9,22]), only sur-
faces with very large Miller indices may be called vicinal.
So the roughening transition causes a change of the sur-
face characteristics only in very close vicinity to a facet.
To estimate the total number of facets in equilibrium at
a given temperature we may thus assume gk � g� � g0
[25]. Among the observed facets Eq. (1) gives the lowest
TR for the (510) type, with T510 � 20 mK, and more than
1000 different types of facets should exist in equilibrium
at 0.55 mK.

In 3He in equilibrium facets are apparently too small
to be observed directly, even the most “stable” (110)
ones [12,13,22]; the newly observed facets should be
even smaller. Indeed, as was first shown by Landau [26],
the equilibrium size of any facet Lhkl is proportional to
bhkl , Lhkl � bhklR��dhklg0�, where R is a characteristic
size of the crystal, and bhkl is the step free energy. In
the absence of direct experimental data on the values of
b, we try to make a rough estimate of them, including
those for higher order facets. In the weak coupling
approximation [10], b � d

p
gV , where V is the energy

barrier, which pins a liquid-solid interface to the crystal
lattice and separates neighboring equilibrium positions
of the interface. If the effective width of the interface l
is large, V is exponentially small (weak coupling) [10].
Assuming that l is approximately the same for all surface
orientations, we may write V � g exp�2l�d� and

b � dg exp�2l�2d� . (2)

There is no direct experimental data on l in 3He nor in
4He. However, we can calculate l in 4He, using Eq. (2)
and the known values of b � 4.2 3 10210 erg�cm [23]
and g � 0.245 erg�cm2 [9] for (1000) facets. The re-
sult is l�d1000 � 2.5 [27]. In 3He we expect a some-
what larger value, so it is reasonable to assume l�d110 �
3 4. For facets like (411), (210), (510), it gives L �
�1022 1023�R. With our resolution (we need three fringes
to determine a facet) it is hardly possible to observe such
small facets.

We see that, most probably, direct observation of new
facets is only possible rather far from equilibrium, in a
course of sufficiently rapid growth. However, under these
conditions some facets may disappear due to dynamic
roughening [10,11]. The typical chemical potential dif-
ference sufficient to destroy a facet at a temperature well
below corresponding TR can be estimated as

dm *
b2

gd3 . (3)
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For the facet (510), which has the lowest roughening
temperature of all the observed facets, Eq. (3) with
l�d110 � 3 gives a related overpressure dp � 3 mbar.
This is close to the value used in our measurements
(5 mbar maximum). Despite the uncertainties in our
approximation we may conclude that under our experi-
mental conditions dynamic roughening really can limit the
observation of new facets. At lower growth rates possibly
more facets would be present on the crystal shape, but
they would be too small for us to observe.

To summarize, 3He single crystals were grown and stud-
ied at a temperature of 0.55 mK using a state-of-the-art
multiple-beam interferometer. Using advanced digital im-
age processing techniques, altogether nine facet types were
identified during crystal growth with an appropriate over-
pressure. This result is consistent with theoretical esti-
mates of the number of facets at this temperature, taking
into account the suppression due to dynamic roughening. It
is also clear that direct measurements on the growth kinet-
ics of different facets are needed. Finally, we like to point
out the striking difference with 4He, where until now only
three types of facets have been seen. Could this be caused
by the difference in crystal structure (hcp vs bcc)? Or has
one not searched properly?
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