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Abstract: Whispering galleries propagating along large-radius concave meniscuses at the
surfaces of rotating deionized water as well as hydrosol of ∼ 10 nm amorphous silica particles
enriched by CsOH were probed by both x-ray reflectometry and x-ray fluorescence for the first
time. The measurements were carried out at a wavelength of 1.5405 Å of Cu-Kα radiation by
using a homemade diffractometer with a moving tube-sample-detector system. According to
the experimental results, the x-ray beam deflection angle at the sol’s surface reaches 4°, which
is roughly four times higher than that obtained on the water surface. The rigorous solution
of the Helmholtz equation for the whispering gallery reflection mode at the concave liquid
surface agrees well with experimental observations. We attribute the difference in the x-ray beam
deflection angle for the studied liquids to the difference in their viscosity, which presumably is
inversely proportional to the effective surface roughness.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

The phenomenon of whispering gallery is based on the fact that waves in enclosed space do not
propagate along the shortest path, but rather broadcast along concave walls or domes due to a
guided mode generated by repeated reflections [1]. High quality factors of whispering modes
enable design of extremely sensitive devices. For example, micromechanical, electromechanical
and optomechanical oscillators as well as semiconductor laser micro-resonators appear to be
very useful for several applications in nanotechnology, bioelectronics and optoelectronics [2–4].
In the field of x-ray optics, devices based on the whispering gallery effect are very useful as
beam deflectors and polarizers [5,6]. The gallery effect was observed by Liu et al. on x-ray
bound states trapped on a curved surface, which were realized by coupling subangstrom photons
at grazing angles into a bent silicon wafer with adjustable radius [7]. Yakimchuk et al. reported
on the whispering gallery in the hard x-ray range, which was observed on the spherical surface of
a glass mirror [8]. In the experiments of Ref. [8], the authors used a very simple optical scheme
consisting of an x-ray tube as a source of a divergent non-monochromatized beam and the tube
window as an aperture. In this paper, we report our findings on x-ray whispering gallery waves
propagating along large-radius meniscus at the concave surface of a rotating liquid. To the best
of our knowledge, this is the first study on the characteristics of whispering modes propagating at
a liquid surface with the use of both x-ray reflectometry and x-ray fluorescence.
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Experimental

The experiments were carried out under normal conditions using a handmade ‘butterfly-type’
x-ray diffractometer with independent movements of the x-ray source, detector and sample table
table
[9]. setup
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goniometer (see Fig. 1).
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at its center. Furthermore, a concave surface meniscus forms due to controlled rotation of the
dish in the range of angular speed from 0 to 3.6 rad / s. The shape of the concave meniscus at
the surface of the rotating liquid z(x) = (ω2 /2g)x2 is defined by the angular velocity, ω, of the
rotation around Oz-axis and acceleration of gravity, g. The center of the rotation is at x, z = 0.
Rotation at a speed of 3.6 rad / s causes both shift in the beam’s spot at the detector and decrease
of its integral intensity by up to ten times. In order both to optimize the conditions of beam
decrease of its integral intensity by up to ten times. In order both to optimize the conditions of
incidence with respect to the edges of meniscus and to increase the reflected intensity, manual
beam incidence with respect to the edges of meniscus and to increase the reflected intensity,
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mechanical vibrations; (c) absorption of x-ray radiation in the transient layer at the interface. A
similar rigorous approach, using the Monte Carlo technique to simulate quasi-random surfaces,
was applied earlier by us to develop the models of triangular-shaped quantum dot ensembles
and trapezium-shaped flight Mo/Si multilayer gratings [11,12]. We used a quasi-grating model
for the surface structure caused by the surface waves and ripple near-zone ordering including
thermal capillary waves and quasi-periodical surface clusters [13,14].
To account for interference effects, we model sinusoidal ripples by using a number of very thin
uniform rectangular layers (slabs) [15]. The transient surface layer was divided into 146 slabs
with the total layer depth of 52.7 nm. The depth of ripples was in the interval from 1 to 6 nm.
Depending on the liquid type and vibration conditions, the simulated rms surface roughness σ
was in the range from 0.3 to 2.0 nm. The correlation length (quasi-period) was estimated as ∼
100 nm from our atomic-force microscopy measurements of silica hydrosols surfaces as well as
from the measurements of 2D clusters of polypeptide molecules [16,17].
The whispering gallery mode structure near the surface of a concave meniscus can be
determined from a solution of the respective Helmholtz equation. The asymptotics of such
glancing incidence waves are mostly determined by the property of Airy functions near the zeros
(for example, see [18]). In cases of small roughness (σ ≤ 10 nm) and sufficiently large meniscus
radius (> 5 cm), x-ray radiation losses can be ignored. Then, the reflectance accounting for
quadratic terms on the grazing incidence angle θ, that may be significant in the considered cases,
is determined for the rotation angle, ψ, as follows:



η
θη2
R(θ, r, ψ) = I0 (θ, r, 0)exp −2ψRe √
−
,
(1)
ε−1 ε−1
where I 0 (θ, r, 0) is the incident intensity expressed in cylindrical coordinates, η = 1 or η = ε for
TE or TM polarization, respectively, and ε = 1 – δ + iγ. For a low-absorbing regime γ << δ (in
our case, γ / δ ∼ 10−3 ) and close to zero-angle incidence, the reflectance can be calculated using
the known expression obtained for TE polarization [4]:



1
R(θ, r, ψ) = I0 (θ, r, 0) exp −2ψIm √
.
(2)
1−
The structure of the air/water and air/sol interfaces was studied earlier by others with x-ray
reflectivity measurements [19–21]. The surface-normal structure of the former is described
by only one parameter, that is surface capillary-wave roughness, σcapil . The structure of the
latter is more complex and represented by a layer of suspended Cs+ ions with their maximum
concentration near the surface and a layer of SiO2 particles positioned at a depth of ∼ 15 nm
from the sol’s surface. It reflects the difference between the potentials of electrical image forces
for alkali cations and nanoparticles (macroions) [22].
Thus, the profile for the real part δ(z) of ε(z) in the upper non-uniform layer was derived
from the reflectometric measurements of electron density distributions, while the imaginary part
γ(z) was calculated using the atomic scattering factors [23]. To describe the effective surface
roughness, σeff , which includes sine-shaped ripples, for both air/water and air/sol interfaces, we
applied the hybrid model, where
2
2
2
σeff
= σcapil
+ σfract
.

(3)

The capillary rms roughness, σ capil , describes the influence of temperature-activated fluctuations
at the surface, while the fractal roughness, σ fract , describes the effect of vibrations caused by the
motor drive.
According to the theory and experimental data available in literature, the values of σ capil for
the flat H2 O surface and silica sol surface are almost the same ∼ 0.3 nm. [20,24–27]. This is
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defined by the surface tension, τ, the values of which are almost the same for silica hydrosol (τ ≈
74 mN / m) and water (τ ≈ 72 mN / m) [19].
To determine the scattering intensity, we used numerical calculations based on the rigorous
method of boundary integral equations developed, in particular, to analyze x-ray randomly rough
multilayer mirrors and gratings [12,28,29]. To compute the model, we used the PCGrates-SX
v. 6.7 commercial code [30]. The rigorous approach allows precise accounting for the electron
density (refractive indices) varying in the upper layer, quasi-random sine ripples, absorption and
polarization. In our theoretical model, the capillary roughness of the interface, as well as the
thicknesses and refractive indices of the layers, were not fitted numerically, but were adopted
from our previous measurements and/or respective computations for the flat surfaces of stationary
for thesamples,
flat surfaces
of stationary
liquid
and solution
then incorporated
intoequations.
the rigorous
liquid
and then
incorporated
into samples,
the rigorous
of Maxwell’s
solution of Maxwell’s equations.
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4. Results and discussions
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Fitting the fluorescence emission curve using a gaussian multi-peak approach (solid line in
approach [27].
Fig. 2) reveals two characteristic maxima (dashed lines in Fig. 2). The first one centered at x
–30 mm corresponds to the entry point of the X-ray beam near the edge of the concave
Fitting the fluorescence emission curve using a gaussian multi-peak approach (solid line in
meniscus. The second maximum at x 0 mm roughly corresponds to the center of the meniscus
Fig. 2) reveals two characteristic maxima (dashed lines in Fig. 2). The first one centered at x ≈
at the sample’s surface. The ratio of the maxima of the fluorescence peak intensity (≈ 17)
coincides approximately with the ratio of the intensities maxima (≈ 17) of the incident and
reflected beams at Ψ = 4° (see Fig. 1, inset). We note that the characteristic propagation length
along the surface per one reflection (≈ 4 mm) >> λ, so that an approximation of ray optics can
be applied to describe the propagation regime of whispering waves [18]. The second maximum
of the fluorescence intensity at x = 0 demonstrates that X-rays glancing along the surface at
different depths and at slightly different angles converge near the center of the concave
meniscus.
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–30 mm corresponds to the entry point of the x-ray beam near the edge of the concave meniscus.
The second maximum at x ≈ 0 mm roughly corresponds to the center of the meniscus at the
sample’s surface. The ratio of the maxima of the fluorescence peak intensity (≈ 17) coincides
approximately with the ratio of the intensities maxima (≈ 17) of the incident and reflected
beams at Ψ = 4° (see Fig. 1, inset). We note that the characteristic propagation length along the
surface per one reflection (≈ 4 mm) >> λ, so that an approximation of ray optics can be applied
to describe the propagation regime of whispering waves [18]. The second maximum of the
fluorescence intensity at x = 0 demonstrates that x-rays glancing along the surface at different
depths and at slightly different angles converge near the center of the concave meniscus.
To detect both reflection and fluorescence in x-ray whispering modes, the angle of incidence,
θ, (see Fig. 1) should be in the range from slightly above zero to a value less than the critical
angle, θ c ≈ 0.16°, for the hydrosol. Taking into account both the position of the beam incidence
entry point (30 mm away from the center of the dish) and the angular velocity of rotation (ω ∼
3.6 rad / c), the estimated angle between the beam and the tangent to the hydrosol surface (see
Fig. 1) at the entry point appears to be about ∼ 0.15°. This value is within the required range.
The simulated specular reflectance peak of whispering modes propagating along a concave
H2 O surface is destroyed almost completely for a 1° rotation (4 successive reflections in total
along the meniscus) due to strong ripples (σ eff ∼ 6 nm). Such behavior is in a good agreement
with the reflectance measurements and caused by both motor drive vibrations and the presumably
low viscosity of H2 O (∼ 0.9 cP). In comparison with the water surface, the reflectance of
whispering modes propagating near the Ludox SM surface is stronger. The parameter, σ eff , in the
model accounting for roughness rigorously is approximately 1.2 nm. Thus, it allows a 4° rotation
with 14 successive reflections in total. The experimental data matched perfectly the theoretical
curves calculated for the hybrid model at the critical angle of ∼ 0.16° (see Fig. 4). Thus, our
numerical results for the reflectance, R, are in good agreement with the experimental data. In
addition, an exit of grazing incidence x-ray fluorescence by Cs+ ions (the L-α fluorescence line
with the energy of 4.29 keV) suspended at the hydrosol surface was demonstrated (Fig. 2).
In Fig. 5, the complete set of the measured data of whispering gallery reflectances without a
detector noise reduction is demonstrated together with the incident beam intensity. The integral
count-rate along Oy-axis is presented as a function of the scattering angle ψ / 2 (number of
multiple successive reflections at some incidence angle) from the concave silica sol surface. Thus,
the maximal x-ray beam rotation angle is 4° for the silica hydrosol sample at Cu-Kα radiation.
The dynamic viscosity, η, of the Ludox SM sol is 5.7 cP that is approximately six times higher
than the viscosity of water under normal conditions ∼ 0.9 cP [31,32]. In the first approximation,
we may suppose that σ fract is inversely proportional to η (σ fract = K / η), where the proportionality
constant, K, is defined by the viscosity of water and the fractal roughness of water ripples σ fract
∼ 6 nm. Thus, this rough estimation gives the value ∼ 5.4 cP for the viscosity of the hydrosol
Ludox SM that matches well the tabulated value. In order to determine the viscosity from
our experiment independently, the proportionality constant K needs to be redefined in further
systematic reflectometry investigations of σ eff for various hydrosols under constant vibrational
conditions.
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matched perfectly the theoretical curves calculated for the hybrid model at the critical angle of
~ 0.16° (see Fig. 4). Thus, our numerical results for the reflectance, R, are in good agreement
with the experimental data. In addition, an exit of grazing incidence X-ray fluorescence by Cs+
ions (the L-α fluorescence line with the energy of 4.29 keV) suspended at the hydrosol surface
was demonstrated (Fig. 2).
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of multiple successive reflections at some incidence angle) from the concave silica sol surface.
Thus, the maximal X-ray beam rotation angle is 4° for the silica hydrosol sample at Cu-Kα
radiation.
The dynamic viscosity, η, of the Ludox® SM sol is 5.7 cP that is approximately six times
higher than the viscosity of water under normal conditions ~ 0.9 cP [31,32]. In the first
approximation, we may suppose that σfract is inversely proportional to η (σfract = K / η), where
the proportionality constant, K, is defined by the viscosity of water and the fractal roughness of
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water ripples σfract ~ 6 nm. Thus, this rough estimation gives the value ~ 5.4 cP for the viscosity
of the hydrosol Ludox® SM that matches well the tabulated value. In order to determine the
viscosity from our experiment independently, the proportionality constant K needs to be
redefined in further systematic reflectometry investigations of σeff for various hydrosols under
constant vibrational conditions.
5. Summary
In summary, we investigated for the first time the diffraction of X-ray whispering gallery
waves, which propagate along large-radius concave liquid meniscuses, both experimentally and
theoretically. We found that the whispering effects are more pronounced at the hydrosol
substrate than at the water surface that makes the former more useful for future studies and
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Summary

In summary, we investigated for the first time the diffraction of x-ray whispering gallery
waves, which propagate along large-radius concave liquid meniscuses, both experimentally and
theoretically. We found that the whispering effects are more pronounced at the hydrosol substrate
than at the water surface that makes the former more useful for future studies and applications.
For instance, it can be applied in x-ray beam deflecting devices with continuous adjustment by
the deviation angle and also in some kind of resonance fluorescence spectroscopy. We relate this
observation to both the larger value of the critical angle and smaller value of fractal roughness
at the sol’s surface. Besides, we attribute the latter to the difference in dynamic viscosity of
water and sol that presumably is inversely proportional to the effective surface roughness. The
smaller value of σ eff for the sol (higher viscosity) than for water (lower viscosity), explains lesser
intensity losses on diffuse scattering at the sol’s surface.
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